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ABSTRACT 

A Banach space X is a P~-space if whenever X is isometrically embedded in 
another Banach space Ythere is a projection of Yonto Xwith norm at most 2. 
C(T) denotes the Banach space of continuous real-valued functions on the 
compact Hausdorff space T. Tsatisfies the countable chain condition (CCC) if 
every family of disjoint non-empty open sets in T is countable. T is extremally 
disconnected if the closure of every open set in T is open. The main result is 
that if Tsatisfies the CCC and C(T)is a Px-space, then Tis the union of an open 
dense extremally disconnected subset and a complementary closed set T a such 
that C(T a) is a Px-  t-sP ace. 

1. Introduction 

A Banach space X is inject ive i f  i t  has the fo l lowing  Hahn-Banach  type exten- 

s ion p rope r ty :  every bounded  l inear  ope ra to r  L : W ~ X f rom a subspace  W c Z 

o f  a Banach space Z can be extended to a bou nde d  l inear  ope ra to r  L '  : Z  ~ X. 

G o o d n e r  17] in t roduced  a fami ly  o f  Banach spaces co inc id ing  with  the fami ly  o f  

injective spaces:  for  any  2 > 1, a Banach space X is a Pa-space if, whenever X is 

i somet r ica l ly  embedded  in ano ther  Banach space, there  is a p ro jec t ion  onto  the 

image o f  X with  n o r m  no t  larger  than  2. A Banach space is injective i f  and  on ly  i f  

i t  is a Pa-space for  some ;t > 1 ( D a y  [5, p. 94]). 

G o o d n e r  [7],  N a c h b i n  [-11] and Ke l ley  I-9] charac ter ized  the P l - spaces :  a 

Banach space is a P l - space  i f  and  on ly  i f  i t  is i somet r i ca l ly  i somorph ic  to the 

Banach space o f  con t inuous  funct ions  on an ex t remal ly  d isconnected  compac t  

Hausdor f f  space. A topo log ica l  space is extremally disconnected i f  the c losure  o f  

any  open set is open.  
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The letter T will always denote a compact Hausdorff space and C(T) will denote 

the Banach space of continuous real-valued functions on T with the supremum 

norm. 

In this paper we examine the Banach spaces of type C(T) which are P~-spaces 

for 2 > 1. We continue the work of Amir ([1], [2], and [3] ; also see [4], [8]) who 

has shown the following: if  C(T) is an injective Banach space, then T contains an 

open dense extremally disconnected subset. 

To state our main theorem we define the Amir boundary of an arbitrary compact 

Hausdorff space. Let T be a compact Hausdorff space. Since the union of any 

family of open extremally disconnected sets is open and extremally disconnected, 

T contains a unique maximal open extremally disconnected subset. We define the 

Amir boundary of T (which will be denoted TA) to be the complement of this 

maximal set. Thus T has a unique decomposition into an open extremally discon- 

nected set and a complementary closed set TA. Amir's result says that if C(T) is an 

injective Banach space, then T~ is a nowhere dense set. 

A compact Hausdorff space T satisfies the countable chain condition (ab- 

breviated CCC) if any disjoint family of non-empty open sets in T is countable. 

Our main result and its corollaries follow. 

THEOREM 1.1. Suppose T satisfies the CCC. I f  C(T) is a P~-space, then the 

Arnir boundary T A of T also satisfies the CCC and C(T A) is a P~_l-space. 

COROLLARY 1.2. Suppose T satisfies the CCC. I f  C(T) is a P~-space for 2 < 3 

then the Amir boundary T A of T is extremally disconnected. 

COROLLARY 1.3. Suppose C(T) is injective and T satisfies the CCC. Then T is 

a finite union of extremally disconnected spaces. More specifically, there is a 

decreasing finite sequence To, T1, '" ,  Tn of closed subsets of T beginning with 

To = T such that Ti - Ti§ is an open dense extremally disconnected subset of 

Ti for  each i = O, ..., n - 1 and Tn is extremally disconnected. 

A topological space is totally disconnected if it has a basis of closed and open 

sets. 

COROLLARY 1.4. Suppose C(T) is injective and T satisfies the CCC. Then T is 

totally disconnected. 

These results are obtained by examining implications of the existence of averag- 

ing projections for Gleason maps (see Section 2 for the definitions of these terms). 

These implications are contained in Proposition 2.1. Section 2 contains a series of 
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lemmas leading to the proof  of this key proposition. Proposition 2.1 is used in 

Section 3 to prove the main theorem and its corollaries. Section 4 contains remarks 

about the CCC and three open problems. 

2. Definitions, notation, and the key proposition 

In the next two paragraphs we establish some notation and terminology. Let 

(9 :S ~ T be an onto continuous map where, as always, S and T are compact 

Hausdorff spaces. Then (9 determines an isometric embedding (9o(f) = f o (9 for 

each f E  C(T). The range of  (90 is the subalgebra A c = { f e  C(S) :f  is constant on 

each set (9-1( 0 for t ~ T}. An averaging projection for (9 is a bounded linear pro- 

jection P :C(S) --* A c, that is, P(f )  = f f o r f ~ A  c. 

A continuous function (9 : S ~ T is irreducible if  it is onto but no proper closed 

subset of  S maps onto T. A Gleason map for a space T is an irreducible map 

(9 : S ~ T whose domain S is extremally disconnected. Every compact Hausdorff 

space has a Gleason map (Gleason [6]). For any space T, a Gleason map (9 : S ~ T 

determines an isometry (90 : C(T) --* A c of C(T) onto the subspace A c of  the 

Pl-space C(S). The Banach space C(T) is a Px-space if and only if some Gleason 

map for T has an averaging projection with norm not larger than 2. 

Theorem 1.1 will follow easily from the next proposition. 

PROPOSITION 2.1. Let (9 :S ~ T be a Gleason map which has an averaging 

projection P : C(S) ~ A4,. Let T A be the Amir boundary of T, let $1 = (9- I(T ,O, 

and let (91 = (9 [ $1 : S1 ~ T A be the restriction of (9 to S1. Then 

(a) (91:$1 ~ T A has an averaging projection PI : C(S1) ~ Acl with 

lIP111 = I [ P [ I -  1, 
(b) if S satisfies the CCC, then so does $1 and thus S1 is extremally discon- 

nected. 

The balance of this section contains several lemmas leading to the proof  of 

Proposition 2.1. A set containing more than one point is called plural. 

LEMMA 2.2. Let (9 : S ~ T be an onto continuous map. Let Pc = { t ~ T: (9-1(0 

is plural}, J = Pc, S1 = (9-~(J) and let (91 = (gIsi :$1 ~ J. Let P : C(S) ~ A c 

be an averaging projection for (9. Then the following are true. 

(a) Define P1 : C(S1) ~ Acz by P l ( f )  = P ( f ' ) l S t  wheref '  ~ C(S) is any func- 

tion with f '  [ St = f. Then Pt is an averaging projection for (91 : St -~ J. 

(b) Define E : C(St) ~ C(S) by E( f )  = f '  - P(f ' )  f o r f E  C(S1) wheref '  e C(S) 

is any function with f ' l  S 1 = f .  Then E is a well-defined linear operator. 
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(c) I f  ~ :S -~ T is irreducible, then the averaging projection PI defined in 

(a) satisfies II P~ I1 -< II P I1 - 1. 

PROOF. If  f ' e C ( S )  and f " e C ( S )  are two extensions of  f e C ( S , ) ,  then 

f '  - f "  ~ Ar and thus P(f '  - f")  = f '  - f" .  Therefore PtY')l s l  - ety")l  s ,  

-- (f' - f") ls l  = 0 and P1 is well-defined. I f f ~  A~I a n d f '  is any extension off ,  

thenf '  e A~ since all plural sets q~- 1(0 are in $1. Thus e l ( f )  = e ( f ' )  l $1 = f'l s~ 
= f f o r f ~  A~I. So P1 is an averaging projection for q~l. The operator E in part (b) 

is well-defined since for two extensionsf '  andf"  of  the func t ionfe  C(S,), P( f '  - f " )  

= f ' - f "  impl iesf '  - P(f ' )  = f "  - P(f"). This proves (a) and (b). 

We prove (c) using the results and techniques of  [4]. Let M(S) = C(S)* denote 

the regular Borel measures on S and for t E T let Jt be the evaluation functional at 

t on C(T), that is, 6,(f) = f ( t )  for f ~  C(T). Define the linear operator u :C(S) 

C(T) by u = (~b~ - 1p and define # : T ~ M(S) by p(t) = u*(Jt) where u* is the 

adjoint of  u. Denote/~(t) by/~,. Since ~b~ C(T) --* A~, is an isometry, II e II = II u I1- 

Since u ( f ) ( t ) =  u*(Jt)(f)= , , (f) , l lPII = llull = sup{llu(f)ll  : l l f l l - - - 1 }  
= s u p  (I u(f)(t)l: Ilfll --< 1,t ~ T) _- s u p  (1 , , ( f ) I :  tlfll :< 1, t~ T) = sup(l l , ,  I1: 
t e T}. A similar argument shows that II P1 II - sup{ 11 ~, II:t ~ J -- ~ } .  

Since e is a projection onto A~ = ~p~ u(g~~ = f f o r f e  C(T)..Thus, in 

the terminology of 1-4], u is an averaging operator and Iz : T ~ M(S) is a dual map 

which averages ~b (that is, pt(q~-I(B)) = 6t(B) for each Borel set B in T). Thus by 

[4, Lem. 2], if p ~ S and tk~ ) = q, then II ~q II --- sup( II ju, I1: t ~ Z } -  1 -11-~q((p})l  

+ [/~q((P}) l" Suppose q e P~. Then ~b- ~(q) is plural and/tq(tk- ~(q)) = 8,((q}) = 1. 

So there must be a point p e ~b-~(q) with - 11 -/~q((P}) I + I~((p})l --< 0. Thus 

II ~ II --< sup~ 11 ~, II't ~ T) - 1 = II P II - 1 for q e P§ If t e / ~  there is a net 
q(~) ~ t with q(~) ~ P~. Then/~q(~) ~/~,  in the weak* topology on M(S). Thus by 

[4, Lem. 1], for t e,/~§ , It < l iminf I1/~q(~)ll < II ell - 1. Thus liP, II = sup{ II ~,]l : 

t~_~}  =< I l e l l -  1. 

LEr~tA 2.3. Let d? : S ~ T be a Gleason map. Let Ta be the Amir boundary 
of T and let P§ = { te  T : ~b-~(t) is plural}. Then T a = P~. 

P~oov. It suffices to show that tk is one-to-one on the set ~b-~(U) for U open in 

T if and only if U is extremally disconnected. Using the compactness of  S, it is 

easy to prove that, if tp is one-to-one on q~-~(U), then tk is an open map on ~b-I(U) 

(see I4, proof  of  Cor. 2]). Thus ~b is a homeomorphism on tk- ~(U) and so U is 

extremely disconnected. The converse follows from a result of  Gleason 1'6, Lem. 



Vol. 18, 1974 INJECTIVE BANACH SPACES 137 

2.31 [15, Th. 24.2.10]: i f f : X  -~ Y is an irreducible map from one topological 

space onto another and Y is extremally disconnected, then f is one-to-one. 

LElV~,IA 2.4. Let ~ : S ~ T be an onto continuous map. Let P ~ = { t e T : ~ - l ( t )  

is plural) and let S 1 = ~-1(pr Suppose P :C(S) ~ A~, is an averaging projec- 

tion for ~ and let E : C(S1) ~ C(S) be defined as in Lemma 2.2 (b). Then for 

each open set U in S l there is a function f ~ C(SI) supported on U such that 

E( f )  # O. 

PRoof. Let U be an open set in Sl. Choose an open set W in S with Wc~ S1 = U. 

Since S1 = ~ -  l(p~) = ~ -  l(p~), there is a point to e P~ with q~- 1(to) n W # Z;. 

Since to e P~, we can choose points sl and s2 with s~ # s2 and s~ e ~ -  ~(to) c~ W 

and ~ ( s l ) =  ~(s2). Choose f ' e  C(S) supported on W with f ' ( s l ) # f ' ( s 2 ) .  Let 

f = f '  ] S. Then f is supported on U and we claim that E(f )  # O. To the contrary, 

suppose E(f )  = 0. As defined in Lemma 2.2 (b), E(f )  = f '  - P(f ') .  Thusf '  = P( f ' )  

and s o l '  e A~. This is a contradiction since f ' (s i )  # f'(s2). 

The next lemma is closely related to [13, Th. 4.5] of  Rosenthal. 

LEMMA 2.5. Suppose E : C(X) -o C(Y) is a bounded linear operator where X 

and Y are compact Hausdorff spaces. Suppose that for every non-empty open set 

U in X there is a n f e  C(X) supported on U such that E( f )  # O. Then if Y satisfies 

the CCC, so does X .  

PRoov. (The author is indebted to the referee for this simplification of  his 

original proof.) We use the following result due to Rosenthal [13, Lem. 4.2]. Let 

Y satisfy the CCC and suppose that ~" is an uncountable family of non-empty 

open subsets of Y. Then there is an infinite sequence V~, V2, ... of distinct members 
o~ V o f ~ - w i t h ( 7  i=1 i # ~ .  

Suppose that X does not satisfy the CCC. Then there is an uncountable family 

{U~}~I of  disjoint non-empty open sets in X. For each ~ ~ I choosef~ e C(X) sup- 

ported on U~ with [[f~ [[ __< 1 such that E(f~) # O. The index set I is the countable 

union of  the sets I ,  = {~e I :  I] E(f~)[[ > I/n} for n = 1,2, . . . .  So for some posi- 

tive integer m, the set Im is uncountable. By possibly replacing f~ by - f~ ,  we may 

assume that for each ~t e Is,  sup E(f~)(y) > 1/m. For each ~ e Is, let V~ = {y e Y : 

E(f~)(y) > l/m}. Since Y satisfies the CCC, by Rosenthal's result, there is a count- 

table set {a(i)}~~ t with a(i)elm such that N~~176 V~,) # Z .  For each integer n, if 

Yr ~7=1 V~(o, then E( ~ '= t  f~(o)(Y) > n/m. This is impossible since the func- 

tionsf~ are disjointly supported and thus [I ~"i =tf~(o II --< 1 
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LEMMA 2.6. I f  S is an extremally disconnected compact Hausdorff space and 

S t is a closed subset of S which satisfies the CCC, then S 1 is extremally discon- 

nected. 

PRooF. A topological space is an F-space or quasi-disconnected if disjoint open 

F,  subsets have disjoint closures. A closed subset of an F-space is an F-space 1-15, 

Prop. 24.2.5]. Since an extremally disconnected space is an F-space, St is an 

F-space. The lemma now follows from a result of Rosenthal [14, p. 19] : if X is a 

compact F-space satisfying the CCC then X is extremally disconnected. 

PRoof or  PROPOSmON 2.1. Part (a) of the proposition follows immediately from 

Lemma 2.2 (a) and (c) and from Lemma 2.3. To prove part (b), 'Lemma 2.4 shows 

that the operator E defined in Lemma 2.2 (b) satisfies the hypothesis of Lemma 

2.5. Thus i fS satisfies the CCC then so does St and Lemma 2.6 implies that S~ must 

then be extremally disconnected. 

3. Proof of  main theorem and corollaries 

PROOF OF THEOREM 1.1. Suppose C(T) is a Pa-space and let ~b : S ~ T be a 

�9 Gleason map for T. Then there is an averaging projection P for ~b with l] P II < 2. 

Let S 1 = q~-l(Ta) and let ~bl = q~lst :$1 ~ Ta. By Proposition 2.1 (a), there is 

an averaging projection P1 for $t  with 1[ P III < ]l P I[ - 1 < 2 - 1. By Proposi- 

tion 2.1 (b), S t is extremally disconnected and so C(St) is a Pt-space. Thus C(TA) 

is isometric to the space A•, which is complemented in the Pt-space C(SI) by a 

projection of norm less than or equal to ). - 1. Therefore C(TA) is a Pa-1-space. 

By Proposition 2.1 (b), $1 satisfies the CCC and therefore TA satisfies the CCC 

since q~ : St --* Ta is onto. 

PROOF OF COROLLARY 1.2. This corollary is immediate since if C(Ta) is aPx- 

space for 2 < 2, then TA is extremally disconnected (Amir [1, Cor. a], Isbell 

and Semadeni [8, Th. 1 (ii)]. 

PROOF OF COROLLARY 1.3. Let To = T and Tt = TA. Then T 0 -  Tt is an open 

dense extremally disconnected subset of T o. By Theorem 1.1, C(Ta) = C(Tt) is a 

Px_ l-space and Tt = Ta satisfies the CCC. Define T 2 to be the Amir boundary of  

Tt. Applying Theorem 1.1 again we see that T 2 satisfies the CCC and C(T2) is a 

Pz_2-space. Also, Tt - T2 is an open dense extremally disconnected subset of T 1. 

In general, define Ti to be the Amir boundary of T i_t. Since the value of  2 

decreases by at least 1 at each step, we eventually end up with a set T, which is a 

P~-space for ,~. < 2. So T n is extremally disconnected. 
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Corollary 1.4 follows trivially from Corollary 1.3 and the following topologica 

lemma. 

LEMMA 3.1. (The author is indebted to the referee for this generalization andl 

proof  of  his original lemma.) Suppose S is a compact Hausdorff space and 

S = U u B where U is open. I f  U and B are totally disconnected, then so is S. 

PROOF. We may assume U c~ B = ~ so that B is closed. Given s o ~ G c S, 

G open, we look for a closed and open set W with s o E W c G. I f  So is in U this is 

immediate. If  So ~ B let A be a closed and open set in B with s o ~ A ~ G. Let 

F : S ~ [-0, 11 be a continuous function such that F(A) = 0 and F({B I A} u {S/G}) 

= 1. Since F(B) = {0, 1}, F -  1(�89 is a compact subset of U. Let K be a closed and 

open set with F-l( �89 c K c G n U. Let W = K u {S :f(s) < �89 Clearly W is 

open and So~ W ~ G. Also W is closed since if (s~) is a net with lims~ = s then 

eventually F(s~) < �89 or s ~ F-l( �89 c K. 

4. Remarks and open problems 

The compact Hausdorff spaces satisfying the CCC include all separable spaces 

and all spaces which support a measure, that is, there is a finite regular Borel 

measure # with #(U) ~ 0 for each open set U. Included in this last class of  spaces 

are all spaces T such that there is an onto map ~b : S ~ T where S is the maximal 

ideal space o f a  Banach algebra L ~ )  for # a finite measure. The Stone-Cech com- 

pactification B(F) of  an uncoutable discrete set F does not satisfy the CCC. 

It seems to be open whether Theorem 1.1 and its corollaries remain true without 
assuming T satisfies the CCC. 

PROBLEM 4.1. Suppose C(T) is a Pa-space and T does not satisfy the CCC. 

Must C(TA) be a Pa_ x-space where Ta is the Amir boundary of T? 

The techniques of  this paper show that a positive solution to this problem is 

implied by a positive solution to the following problem. 

PROBLEM 4.2. Suppose ~b :S --* T is a Gleason map and C(T) is a P~-space. 

Suppose T does not satisfy the CCC. Must ~b-l(Ta) be extremally disconnected? 

A positive solution to either of the above problems implies a positive solution 

to the next problem. 

PROBLEM 4.3. Suppose C(T) is injective. Must C(Ta) be injective? 

Assuming the continuum hypothesis, [-14, Cor. 6] of Rosenthal can be used to 

show that the three problems are equivalent for spaces T whose topological 

weight is equal to the continuum. 
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